Preprint typeset in JHBP style - HYPER VERSION 



o 



(N 



Geometrical quantities of fuzzy sphere 



^ ! Jingbo Wang 

Non-equilibrium Condensed Matter and Quantum Engineering Laboratory, 
Department of Applied Physics, Xi'an Jiaotong University, Xi'an, 710049, 



shui j ing31@gmail . com 



r~| ' People's Republic of China 

Yanshen Wang 

N on- equilibrium Condensed Matter and Quantum Engineering Laboratory, 

►^ , Department of Applied Physics, Xi'an Jiaotong University, Xi'an, 710049, 

^ir ■ People's Republic of China 

OO 



yswangOmail. xitu.edu. en 



o , 

O ! Abstract: In this paper, we consider the geometrical quantities on the fuzzy sphere 

from the spectral point of view, such as the area and the dimension. We find that, 
^ ■ in contract to the standard sphere, the area and the dimension are the functions of 

H ; 

p^ , the energy scale of the fuzzy sphere. 
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1. Introduction 

Fuzzy space |]1[ is a kind of noncommutative space, and it can provides an alternative 
way of regularizing field theories with finite degrees of freedom . A good review of 
field theory on fuzzy sphere is 0. Recently the non-perturbative numerical studies 
of quantum fields on fuzzy sphere attracted many attention. It has been shown that 
there exist three distinct phase in the (p'^ real scalar field theory 0, ^. Also the phase 
structure of Yang-Mills-Chern-Simons field was given in [^. 

In paper |^ , we consider the behavior of the fuzzy sphere 5*1^ with the help of 
the spectral action, and find that in different energy scale, the fuzzy sphere behaves 
differently. In this paper, we consider two important geometrical quantities, that is 
the area A and the dimension Dg, from the spectral point of view. We find that, 
unlike to the standard sphere, those two quantities are functions of the energy scale 
A. 

The paper is organized as follows. In section two we give the spectrum of the 
Dirac operator on the fuzzy sphere. In section three we calculate the area of the 
fuzzy sphere. In section four we calculate the dimension of the fuzzy sphere. In 
section five we prevent the conclusion and the discussion. 
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2. The spectrum of the Dirac operator 

The algebra A^ of fuzzy sphere 5*1. is generated by the operators Xi (i=l,2,3) satis- 
fying 

[Xi,Xj\ = t—=====eijkXk, (/.I) 

with constrain 

Each operator of Ajs[ is represented by a matrix acting on the A^+l-dimension Hilbert 
space Fjv. Apparently, the matrices Xi can identified with the generators of su{2) Lie 
algebra and the generated algebra is equivalent to the algebra of (A^ + 1) x (A^ + 1) 
matrices, Mc{N + 1). 

Dirac operator can be defined on the fuzzy sphere [§. We cite the spectrum of 
the Dirac operator in [|] . The spectrum of the Dirac operator D on the fuzzy sphere 
with / = 1 is as follows, 

D^^j^ = X]^,^, (2.3) 

with 

A;^(,+i/2f(i+ ';|];;^f ). (2.4) 

where j and m are half integer and take the value 

1/2 < j < AT + 1/2, -j <m< j. 



From the expression ^^ we can see that, unlike to the standard sphere, those eigen- 



values are finite and not monotonically increasing. 

3. The area function 

To calculate the area of the fuzzy sphere, we have to define it though the spectrum 
of the Dirac operator. On standard sphere, we have the heat kernel expansion for 
the Dirac operator [^. 

oo 

Trace{e-'^') = ^ 4ne-"'* ~ l/{27it)A - 1/3 + o(t), (3.1) 

71=1 
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as t — > 0, where A is the area of the sphere. So we have, for the standard sphere, 

A ^ 2nt{Trace{exp{-tD^)) + 1/3), (3.2) 

if t is not too big. Then we generahze this formula to the fuzzy sphere, that is, we 
define the area of the fuzzy sphere as follows, 

A = 27r(Trace(exp(-DVA^)) + l/3)/A^ (3.3) 

where t = 1/A^, so A has the dimension of energy. Then with the spectrum given by 



2.4, we can calculate the area of the fuzzy sphere for every integer N. 



A{A) = 27r(X: (4/) exp(--(l + ^^^|^^ )) + l/3)/Al (3.4) 

Since we don't have an analytic expansion for the area function, we just drawn it 
out. See figure 1. 

In the range (0, 1), since the heat kernel expansion breaks down, we don't rely 
on this figure. In this range, the first few eigenvalues play important role, so the 
fuzzy sphere behaves like the standard sphere. See [0 for the more discussion of this 
problem. From this figure we can see that for the standard sphere the area function 
is not constant. The reason is that the number of eigenvalue of the Dirac operator 
for the standard sphere is infinite, but we just choose the first 40 terms. The more 
terms we choose, the more closed the area function to constant 1. The area function 
for the fuzzy sphere is not constantly at all. The area function achieves a max value 
and then decrease to zero at high energy. With A^ increasing, the max value of the 
area function increases too. 

4. The fractal dimension 

In the paper 0|, we find that, from spectral point of view, the fuzzy sphere can 
have different dimension for different energy scale. Since this result is very rough, 
we give more investigation to this issue. Fractal dimension for quantum sphere [|I0] 



and for loop quantum gravity ^^ has been discussed, and we borrow the operational 
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The area function 



■* 
^ 




Figure 1: The area function for standard sphere and fuzzy sphere with different A'^ 

definition from those two papers, that is, the dimension for the fuzzy sphere is, 

d\nP(T) , , 

D, = -2 ,, l^ \ 4.1 

In our case, P{T) = Trace{-D^/A^) and T = l/A^, so 

dHTraceje-^''/^')) 

d\nA ■ ^^^ 

Let's just figure it out for the fuzzy sphere. See figure 2. 

This figure looks hke the first figure. The dimension of the standard sphere is 
not constantly 2 because we just choose the first 40 terms. The fractal dimension for 
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Fractal dimension 




100 



Figure 2: The fractal dimension for standard sphere and fuzzy sphere with different N 

the fuzzy sphere changes when the energy scale A changes, and decay to zero at high 
energy. When N becomes large, the max value of the fractal dimension becomes 
small and approach the standard dimension 2. 

5. Conclusion 



Dirac operator play an important role in noncommutative geometry ||T2l. In paper 
1^, the authors show that the eigenvalues of the Dirac operator can be treated as 



the dynamical variables for the Euclidean general relativity. From this point of view. 
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every geometrical quantities must be function of those eigenvalues. In this paper, we 
calculate the area and the dimension of the fuzzy sphere from the spectrum of the 
Dirac operator. We find that they are functions of the energy A. We hope that the 
operational formula for the area and the dimension of a manifold will play some role 
in quantum gravity. 
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